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1 Introduction.

I work in geometric analysis, particularly variational problems where the tools of
geometric measure theory may be used. My dissertation concerns minimizing the
Jacobian integral of maps from higher dimensions into lower dimensions, a nonlinear
problem. Given a certain amount of regularity, Federer [7] established the coarea
formula, which expresses a relationship between this integral and the measure of the
fibers of the map. This allows the question of minimizers of the Jacobian integral to
be looked at from two directions, one analytic and one geometric:

1. Which maps minimize the integral of the Jacobian?

2. Which maps minimize the integral of the Jacobian and satisfy the coarea for-
mula?

I have proven existence of minimizers under certain hypotheses, as well as methods
for generating examples of minimizers.

More specifically, if f : Rm → Rn is C1 (a requirement which will later be
weakened) with m ≥ n, the n-dimensional Jacobian is given by

|Jnf | =
√

det (Df ·DfT ),

where Df is the n × m matrix of derivatives. One may then ask to minimize the
quantity ∫

Ω

|Jnf(x)| dLm(x)

over a given region Ω ⊂ Rm, when the boundary data is specified. In certain situations
(for example, Federer assumed f Lipschitz), we have the coarea formula, which relates
this integral to the integral over the fibers of f :∫

Ω

|Jnf(x)| dLm(x) =

∫
Rn
Hm−n(Ω ∩ f−1(y)) dLn(y). (1.1)

Intuitively, one may wish to think of the righthand side of eq. 1.1 as the m-
dimensional volume of Ω. However, this is incorrect in most cases. For intuition, it
may be helpful to consider three examples of maps from the cube, C = [0, 1]3 ⊂ R3,
to R2:

1. If π : C → R2 is the projection map, π(x, y, z) = (x, y), then |Jπ(x)| ≡ 1, each
of the fibers over the unit square has length one, and we do recover the volume
of the cube.
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Figure 1: The inverse image of a coarea minimizer from the solid cylinder to the disk:
The left is the inverse image of an interior circle. Notice that each fiber is a straight
line (these are indicated). The right is the inverse image of the boundary of the disk:
Notice that the fibers are each 2-dimensional, but they do not add to the coarea since
the boundary has Lebesgue measure 0. Equivalently, the Jacobian of the map will be
zero in this region, since there are singular directions.

2. However, if f : C → R2 is instead defined by f(x, y, z) = (αx, βy), then
|Jf(x)| ≡ |αβ|, so

∫
C
|Jf(x)|dL3(x) = |αβ|. As it must, this matches with

the righthand side of the equation, since each fiber again has length one, but
only over the rectangle [0, α] × [0, β]. Notice that we no longer recover the
volume of the cube.

3. As an extreme example, Kaufman [11] constructed an example using Cantor sets
of a C1 map of the cube onto the square that has rank at most one everywhere.
Hence, the coarea of the map is zero.

Each of the examples above also happen to minimize the coarea: the first two since
the fibers are straight lines, and the last since the coarea is zero. Figure 1 provides
another example of a minimizer. I describe below a bit of background, and my
contributions to the subject.
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2 History and motivation.

Surprisingly, it was not until 1959 that the vector-valued coarea formula was first
established by Herbert Federer, specifically for Lipschitz functions [6]. Following the
proof, he remarks that “undoubtably it would be possible to develop (for m ≥ k) a
theory of “coarea” dual to the existing (for m ≤ k) theory of Lebesgue area.” Such
a developed theory does not exist for a general target dimension, though there has
been some work done in this direction, particularly when the target space is R. In
this case, the left hand side of Eq. 1.1 reduces to the total variation of f :

TV (f) =

∫
Ω

|∇f | dLm(x),

whose minimizers are of great interest in image processing [4], and where the tools
of geometric measure theory have been applied to establish some regularity of the
levels [1].

Much of my work proceeds in analogy to the above context, when f : Rn → R.
In this case one looks at functions in the space BV (Ω), which are those functions
whose distributional derivative is a finite Radon measure. There has been some
research into defining a suitable analogue to BV (Ω) for functions whose range is Rn,
but the nonlinearity of the Jacobian makes such a definition difficult.

In particular, Jerrard and Soner [10], define functions of bounded n-variation,
as functions f : Rm → Rn where the distributional determinant det(f 1

xα1
, . . . , fn

xαn
) is

a measure for all choices of 1 ≤ α1 ≤ · · · ≤ αn ≤ m. If n = 1, this is the classical
space of bounded variation. But for n > 1, this is not even a linear space, much less
a Banach space.

The above work concerns the analytic side of the problem. Other work has
been done on the geometric end: that is, when the coarea formula actually holds.
Malý, Swanson and Ziemer [12] weakened Federer’s requirement of Lipschitz functions
to functions in W 1,p(Rn;Rm), where 1 ≤ m < n, and p > m, as well as establishing
the formula when the gradient of f is in a Lorentz space.

3 Analysis of the Jacobian Integral.

3.1 Existence of a minimizer.

As mentioned before, one reason the study of the Jacobian integral is interesting is
that it has both an analytic interpretation and a geometric one. Using the space
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B2V (Ω;R2) from [10], [5] of functions with distributional Jacobians, I establish the

existence of a minimizer. Specifically, let FC(Ω;R2) = {f ∈ W 1, 3
2 ∩ B2V (Ω;R2) :

‖f‖
W 1, 32 (Ω,R2)

< C}.

Theorem 1 (Existence). Let Ω be an open and bounded subset of R3, C > 0 be
constant, and g ∈ FC(Ω;R2) be given. Then there exists a function u ∈ FC(Ω;R2)
with u|∂Ω = g|∂Ω so that |Ju|(Ω) ≤ |Jw|(Ω) for all w ∈ FC(Ω;R2) with w|∂Ω = g|∂Ω.

This is proven in the traditional manner of extracting a subsequence converg-
ing to the infimum, aided by a result that a limit of the Jacobian integral of BnV
functions is lower semicontinuous, and lies in BnV . There is still some work to be
done investigating the hypotheses, in particular a question to look at in the future is:

Question 1. Can we remove the requirement that the W 1, 3
2 norm be bounded by C?

It appears the answer should be negative, though as of yet there is no example
of a sequence of functions in W 1, 3

2 (Ω,R2) which have unbounded W 1, 3
2 norm, but

converge to a minimizer of the Jacobian integral.

3.2 Gradient flows.

An intriguing approach for linear growth functionals was given by Hardt and Zhou
in [9], which studies the gradient flow

∂u

∂t
= divxφp(∇u),

where φ is a convex function, φ(0) = 0, satisfying a linear growth condition. The
left hand side turns out to be nearly in the form of the Euler-Lagrange equation for
the Jacobian integral when n = 2, though the Jacobian fails to have linear growth in
singular directions (where it is zero) and lacks convexity.

Hardt and Zhou in fact show that, for time independent boundary data, the
solutions ut converge to a function which is constant in time. That is, which satisfies
divxφp(∇u) = 0, and is thus a critical point for the integrand

∫
φ(∇u). This makes

for another interesting question to pursue:

Question 2. Is there a way to solve the Euler-Lagrange equations for the Jacobian
integral using a gradient flow?

A positive answer to this question would give a computational approach to
finding minimizers.
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3.3 Composition with holomorphic functions when n = 2.

Other theorems on minimizers of the Jacobian integral are guided by analogous results
for BV minimizers (as it is of course necessary that any result for f : Rm → Rn

must hold in particular when n = 1). One pleasant result is given in [2], that the
composition v = f ◦ φ of a BV function f with a Lipschitz function φ is still of
bounded variation, and further, for measurable Ω ⊂ Rn,

(Lip(φ))1−n|Df |(φ(Ω)) ≤ |Dv|(Ω) ≤ (Lip(φ))n−1φ|Du|(φ(Ω)).

One may use the chain rule for distributional Jacobians established by DeLel-
lis to show that when n = 2, composing minimizers of the Jacobian integral with
holomorphic functions creates new minimizers:

Theorem 2. Suppose φ : R2 → R2 is area preserving and bijective, and u minimizes
the integral over the Jacobian. Then φ ◦ u does as well.

4 Geometry of Coarea Minimizers.

4.1 Harmonic morphisms, examples of coarea minimizers.

One might also wish for examples of coarea minimizers. It turns out that one may
generate examples using harmonic morphisms. A harmonic morphism is any map
φ : M → N between Riemannian manifolds so that for each harmonic f defined on
an open V ⊂ N , the function f ◦φ is harmonic on φ−1(V ). These maps are necessarily
smooth, so the coarea formula will hold. It has been shown [8] that a nonconstant
horizontally weakly conformal submersion into a Riemannian manifold is a harmonic
morphism if and only if the fibers are minimal. By Sard’s theorem, almost every
point in the image will be regular, so∫

Rn
Hm−n(f−1(y) ∩ Ω)dLn(y),

the integral over the fibers, will be minimized.

Theorem 3. Suppose there exists a smooth non-constant horizontally conformal map
u : Ω → Rn such that u|∂Ω = g and so that u is a harmonic morphism. Then u
minimizes the coarea among all smooth functions with u|∂Ω = g.
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There are classical results of Jacobi from 1848 (see, for example, [13]) which
give that if f, g : W ⊂ C→ C are holomorphic, then any local solution z : U ⊂ R3 →
C of

〈f(z(x))
[
1− g2(z(x)), i(1 + g2(z(x))), 2g(z(x))

]
, x〉C = 1

is a harmonic morphism (and hence a coarea minimizer). Combining this result and
Theorem 2 provides concrete examples of minimizers.

I am also interested in finding a converse for the above result. When n = 1,
Bombieri, De Giorgi, and Giusti [3] show that the fibers of functions of least gradient
have have least area. This suggests the following:

Question 3. If u : Ω ⊂ Rm → Rn is a coarea minimizer, then do the fibers of u have
have minimal Hm−n measure with respect to the given boundary?
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